In this paper, we mainly derive the general solutions of two systems of minus partial ordering equations over von Neumann regular rings. Meanwhile, some special cases are correspondingly presented. As applications, we give some necessary and sufficient conditions for the existence of solutions. It can be seen that some known results can be regarded as the special cases of this paper.
Introduction and preliminaries
Many partial orders such as star partial order, Löwner partial order and inverse partial order have been studied before (see [3, 4, 6, 11-14, 16, 21, 22] ). An obvious advantage of the partial order, compared with the others, is that its properties strongly improve the ring properties of the base algebraic structure. In this paper, we mainly study the minus partial order which was initially defined by Hartwig [13] . This relation is on the set of regular elements. And then some properties of the order on semigroups, monoids, and rings have also been established (see [1, 2, 5, 19, 24, 26] ). We aim to derive the solutions of two systems of minus partial ordering equations over von Neumann regular rings. A von Neumann regular ring R is a non-commutative but associate ring with identity 1. If there exists an x 2 R such that axa D a, then x is called a generalized inverse of a 2 R. If axa D a and xax D x both hold, then x is called a strong von Neumann inverse of a. We will denote by a a generalized inverse of a and a r a strong von inverse of a. Furthermore, define R a D 1 aa and L a D 1 a a for convenience. Motived by the work mentioned in paper [24] , here we consider the following two systems
and
Now we give some well-known results, which will play key roles in solving (1) and (2). where u 2 R is arbitrary. In particular, the solution is unique if and only if both a a D 1 and bb D 1 for some a and b : 24] ). The general solution of bxc _ Ä a can be written in the following two forms
where 2 The general solutions of the system (1) In this section, we consider the solutions of the system (1) over strong von Neumann regular ring. Applying Lemma 1.2 to the system (1), we get the following equivalent system of equations
where y 1 2 R; y 2 2 R; y 3 2 R are unknown elements. At present, we express the main result of this section. 
Then the following conditions are equivalent:
The following two forms are the general solution of (1)
where
and u 1 ; u 2 ; u 3 ; u 4 ; u 5 ; u 6 ; u 7 ; u 8 ; u 9 ; u 10 ; u 11 ; u 12 ; u 13 2 R are arbitrary.
Proof. .a/ ) .b/: It is obvious that system (1) has solutions such that (7) holds. It follows from Lemma 1.4 that (6) holds.
.b/ ) .a/: Suppose that (6) and (7) hold, substituting (8) into (3), (4) and (5) respectively, we get
Similarily, substituting (9) into (3), (4) and (5) respectively, we have
So x has the forms of (8) and (9) are solutions of the system (1). Now we prove that for an arbitrary solution x 0 of the system (1), namely
Ä c 3 can be expressed as the forms of (8) and (9) . Set
Then, (8) reduces to
So,
Similarily, set
Then, equality (9) reduces to
which can be further simplified as
Now, we have verified that any solution of the system (1) can be described as (8) and (9) . Thus (8) and (9) are the general solutions of (1)
where u 1 ; u 2 ; u 5 ; u 6 ; u 9 ; u 10 ; u 13 2 R are arbitrary.
Proof. It is obvious that the equalities e D R a 1 c 
where u 3 ; u 4 ; u 7 ; u 8 ; u 11 ; u 12 ; u 13 2 R are arbitrary.
Proof. It follows from a 1 R Â c 1 R ; Rb 2 Â Rc 2 ; a 3 R Â c 3 R and
Then, (9) can be reduced to (11).
3 The general solutions of the system (2) In this section, our goal is to consider the general solutions of the system (2) over the strong von Neumann regular ring. By Lemma 1.2, the system (2) can be turned into the following system of equations
where y 1 2 R; y 2 2 R are unknown elements.
Theorem 3.1. Let R be von Neumann regular ring, and a 1 ; a 2 ; b 1 ; b 2 ; c 1 ; c 2 2 R be given
Then the following conditions are equivalent: (a) The system (2) is consistent.
The following two forms are the general solutions of (2):
where u 1 ; u 2 ; u 3 ; u 4 ; u 5 ; u 6 ; u 7 ; u 8 ; u 9 2 R are arbitrary. (14) holds and
where u 1 ; u 2 and u are arbitrary over R. Hence by a 2 x 0 b 2 D c 2 y 0 c 2 ,
Note that R s s D 0; tL t D 0: Thus by (3.7) and (3.3),
i.e., (15) holds.
.b/ ) .a/: Suppose that (14) and (15) hold, substituting (16) into (12) and (13), respectively, we can get
Similarily, substituting (17) into (12) and (13) respectively, we can obtain
So x has the forms of (16) and (17) are solutions of the system of (2). Now we show that if the system (2) is consistent, i.e., (14) and (15) hold, then its general solutions can be expressed as (16) and (17). In .b/ ) .a/, we have shown that x that has the forms of (16) and (17) are solutions of the system (2). So we only need to prove that for an arbitrary solution x 0 of the system (2) can be expressed as the forms of (16) and (17) . Set
We also notice that
Then, (14) reduces to
We also set
Then, (15) reduces to
That is, any solution of (2) can be represented by (16) and (17) . Thus (16) and (17) are the general solutions of (2). C .u 9 g gu 9 t t /R b 1 L a 1 u 9 R b 1 C L a 1 s su 9 t b 2 ;
where u 1 ; u 2 ; u 5 ; u 6 ; u 9 2 R are arbitrary.
Proof. 
where u 3 ; u 4 ; u 7 ; u 8 ; u 9 2 R are arbitrary. 
Conclusions
In Sections 2 and 3, we have derived the general solutions of systems (1) and (2) by using the generalized inverses of elements over von Neumann regular ring R. As applications, some corollaries are also presented. Moreover, we will present the general solutions of some other equations over von Neumann regular ring in another paper.
